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A NEW CHARACTERIZATION OF QUADRATIC 
TRANSPORTATION-INFORMATION INEQUALITIES 

YUAN LIU 


Abstract. It is known that a quadratic transportation-information inequality 
W 2 I interpolates between the Talagrand’s inequality W 2 H and the log-Sobolev 
inequality (LSI for short). The aim of this paper is threefold: 

(1) To prove the equivalence of W 2 I and the Lyapunov condition, which gives 
a new characterization inspired by Cattiaux-Guillin-Wu [8]. 

(2) To prove the stability of W 2 I under bounded perturbations, which gives 
a transference principle in the sense of Holley-Stroock. 

(3) To prove W 2 H through a restricted W 2 I, which gives a counterpart of the 
restricted LSI presented by Gozlan-Roberto-Samson eg. 


1. Introduction 


Transport inequalities have been a very active family of functional inequalities 
for years, with their profound connections to measure concentration phenomenon 
and large deviation principle of Markov processes. We refer to two monographies 
by Villani [53; [5B] and two surveys by Gozlan-Leonard El and Cattiaux-Guillin 
[6] on this subject with references therein. In this paper, we will investigate three 
questions about the quadratic transportation-information inequality W 2 I, which 
interpolates between the Talagrand’s inequality W 2 H and the log-Sobolev inequality 
(LSI for short). 

Let’s address some basics around the above objects. Denote by ( E , d) a metric 
space equipped with the collection V{E) of all probability measures on the Borel a- 
field. Define the L p Wasserstein (transportation) distance between two probability 
measures i/,/i£ V{E), for any p^ 1, by 


W p (v,p) 


( inf 

\7T€lC{v,h) 


d p (x,y)n(dx 1 dy) 


' ExE 


1 /p 


where C(u, p) denotes the set of couplings between v and p, that is to say the 
set of probability measures 7r on E x E with marginals v and p. For simplicity, 
our framework is specified as the following. Take £ to be a connected complete 
Riemannian manifold of finite dimension, d the geodesic distance, dx the volume 
measure, p{dx) = e^ v ^dx £ V(E) with V £ U 1 (E), L = A — VU • V the p- 
symmetric diffusion operator with domain B(L), T(f,g) = V/ • Vg the carre du 
champ operator and £ the Dirichlet form with domain D(£). Denote y(h) := f hdy. 
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It’s known that the integration by parts formula reads 

j V/ • Vg dp = — J fLgdp, V/ G D(£), g £ O(L). 

The reader is referred to Bakry-Gentil-Ledoux j3] for a detailed presentation. 

In the sequel, we focus on the case p = 2 of particular interest. Twenty years 
ago, Talagrand [24] introduced the celebrated transportation-entropy inequality for 
any v with respect to the Gaussian measure p (hence, it is called the Talagrand’s 
inequality) 

(W 2 H(C)) W 2 (v,p) < y/2CH(v\fi), 

where H(u\p) denotes the relative entropy equal to either u(log if v is absolutely 
continuous to p or oo otherwise. For general W 2 H, various characterizations have 
been found out, such as the Bobkov-Gotze’s infimum-convolution criterion (see 0), 
the Gozlan-Leonard’s large deviation and concentration criteria (see H3) , etc. 

As a counterpart, the transportation-information inequality was introduced much 
later by Guillin-Leonard-Wu-Yao EJ, which substituted Fisher-Donsker-Varadhan 
information for relative entropy, i.e. 

(W 2 I(C)) W 2 (v 1 p) ^ y/2CI{y\p), 

where I{v\p) is associated to some Dirichlet form £ with domain 1D>(£) in L 2 (p) as 

J, | } = r £(VT, v7)> if / = t with v7 € D(£); 
l^oo, otherwise. 

Some criteria for W 2 I have also been worked out correspondingly by [18j . 

The reference measure p is usually regarded as the unique invariant distribution 
of (symmetric) diffusion process. However in some practical cases, p is unknown 
except its existence. For this reason, it is natural to present suitable hypotheses on 
the infinitesimal generator instead of its equilibrium limit. Going to this direction, 
Cattiaux-Guillin-Wang-Wu [7] drew in the Lyapunov condition to study the super 
Poincare inequalities. Afterwards, Cattiaux-Guillin-Wu [8] derived W 2 H from the 
Lyapunov condition, which even worked for LSI 

H(y\p) ^ 2CI(v\p) 

with additional assumptions on the Bakry-Emery’s curvature. 

More precisely as [S], say W > 1 is a Lyapunov function if there exist two 
constants c > 0, b ^ 0 and some xo £ E such that in the sense of distribution 

(1.1) LIT < (— cd 2 (x, xo) + 6) W. 

There were also some variants of m by substituting d 2 (-, •) with other functionals 
of distance, such as 00 for investigating relations between the Poincare inequali¬ 
ties and weak Lyapunov conditions. 

Theorem 1.1. (]8l Theorem 1.2]) Under the Lyapunov condition \1.1\) . 

(1) There exists a constant C± > 0 such that p verifies the inequality W 2 H(Ci). 

(2) There exists a constant C 2 > 0 such that p verifies the inequality LSI((7 2 ) 
provided that the Bakry-Emery ’s curvature is bounded from below. 
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In the preprint (211 , the author tried to show that if the Bakry-Emery’s curvature 
has a lower bound, the LSI and Lyapunov condition (with a slight adjustment) are 
equivalent. On the other hand, due to the well-known HWI inequality from Otto- 
Villani [23], it follows that LSI and W 2 I are also equivalent under the same curvature 
condition. These results lead to our first question. 

Question 1. Is it possible to get W 2 I through the Lyapunov condition without any 
assumption on the curvature? And what about the converse implication? 

For some technical reasons, certain regularity condition is usually imposed on the 
density of p. One way of removing such a constraint is to handle a nice model space 
firstly and then extend the associated functional inequalities to a general setting 
through perturbations. For example, Holley-Stroock m proved that if p satisfies 
a LSI and p is a bounded variant of p with ^ and £ L °°, then p verifies a LSI 
too. This is called the stability or transference principle of inequalities. 

For LSI, perturbations on the entropy and information can be respectively and 
directly controlled. Somehow it is tough to deal with the Wasserstein distance, so 
that the stability of W 2 H remained open until it was attacked by Gozlan-Roberto- 
Samson m via a new characterization, the so called restricted LSI (rLSI for short). 
They defined / to be a K- semi-convex function if for any x, y £ K. n (which can be 
extended to manifolds or length spaces, etc.) 

f(y) > f{x) + V/(z) -{y-x)- y d 2 (x, y), 

see also the classical semi-convexity in the textbook of Evans [Til Section 3.3]. Say 
p verifies a rLSI with constant C > 0 if for all /\-semi-convex / with 0 ^ I\ < C _1 

1C f 

(rLSI(C)) Ent„(e') ^ R j |V/|Vd M , 

where Ent^(e^) = p(fe^) — p{e^) log p{e^), and actually f \S7f\ 2 e f &p = 4J(e^). 
We quote partial results from |T5] as follows. 

Theorem 1.2. f |151 Theorem 1.5],) The next two statements are equivalent: 

(1) There exists a constant C± > 0 such that p verifies the inequality W 2 H(Ci). 

(2) There exists a constant C 2 > 0 such that p verifies the inequality rLSI(C 2 ). 
A quantitative relationship between control constants is the following: from (1) to 
(2) holds Ci = C 2 , and conversely, from (2) to (1) holds C\ = 8 C 2 . 

Now our second question arises. 

Question 2. What about the stability o/W 2 1 in the sense of Holley-Stroock? 

It is known that W 2 I implies W 2 H according to Guillin-Leonard-Wang-Wu mi 
Theorem 2.4], but it is not clear yet to what extent they are different. Moerover, 
W 2 I is an interpolation between W 2 H and LSI, which suggests that this relationship 
should be kept for the restricted type inequalities. So our third question comes out. 

Question 3. What is the restricted W 2 I equivalent to W 2 H? 

This paper will answer the above three questions. With a slight adjustment to 
«ED, say W > 0 is a Lyapunov function if IT 1 is locally bounded and there exist 
two constants c > 0, b ^ 0 and some x$ £ E such that in the sense of distribution 

(1.2) LW < (— cd 2 (x, xq) + b) W. 
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Here we use W > 0 instead of W ^ 1 in CCD, but the technique in the proof 
of Bakry-Barthe-Cattiaux-Guillin [I, Theorem 1.4] still works if W~ x is locally 
bounded (not necessary to request a uniform lower bound). We will go back to this 
point in Section 2. 

What we prove for the first question is the following. 

Theorem 1.3. The next two statements are equivalent: 

(1) There exists a constant C > 0 such that p verifies the inequality W 2 l(C). 

(2) There exists a Lyapunov function W > 0 that verifies Condition \1.Z\) . 

On the second question, our method is not to look for an equivalent restricted 
type LSI for W 2 I , but turns to applying Theorem II ,31 and ll.21 directly. 

Theorem 1.4. Let p £ V(E) be absolutely continuous to p with M~ x ^ ^ M 

for some constant M ^ 1. Then p verifies the inequality W 2 I if so does p. 

Similarly to HE we introduce if log ^ is .A-semi-convex with 0 ^ K < C 1 


(rW 2 I(C)) W 2 (u,p) < y (i- jf( 7 ) 2 J M/E 

The above constant is chosen for convenience. For the third question, we prove 

Theorem 1.5. The next two statements are equivalent: 

(1) There exists a constant C 1 > 0 such that p verifies the inequality W 2 H(Ci). 

(2) There exists a constant C 2 > 0 such that p verifies the inequality rW 2 l(C 2 ). 
A quantitative relationship between control constants is the following: from (1) to 
(2) holds 2Ci = C 2 , and conversely, from (2) to (1) holds C\ = 4 C 2 . 

The rest of this paper contains three sections, which give the proofs successively 
for Theorems 11.31 H~4l and [1751 An alternative proof of W 2 H through the Lyapunov 
condition OD is also provided, see Section 4. 


2. Equivalence of W 2 I and the Lyapunov condition 

Throughout this paper, write df (x) := d 2 (x, Xq ). The use of Lyapunov condition 
OD is based on jT, Theorem 1.4]. 

Lemma 2.1. Under U.2 1) . for any h £ B(£) 


( 2 . 1 ) 


h^d^dp^- / \S7hfdp + - / h 2 dp. 


Moreover, the Poincare inequality holds, i.e. there exists C > 0 such that 


(PI(C)) 


J \h — p{h)\ 2 dp ^ C 


\S7h\ 2 dp. 


Proof. The technique in [I] Page 64] yields 

J h 2 dydp = — J h 2 (cdt^ — b)dp 


€ 


1 f —LIT 


W 


h 2 dp - 


h 2 

VIE • V —dp 


J h 2 dp 

h 2 dp 

J h 2 dp 





CHARACTERIZATION OF TRANSPORTATION-INFORMATION INEQUALITIES 


5 




i / |vi,f - 


Vh-—VW 

w 


b 

d p + - 
c 


\Wh\ 2 dp + - / h 2 dp. 


h 2 dfj, 


Note that here is no need to assume the integrability of d q or for /x, since we 
can take an approximation sequence in C£°(E) for given h. 

Next, according to pQ, let B be a ball of radius r centered at xo with r 2 = ^ + 1. 
Denote h B = h(hl B )/p(B), we have 


\h — p(h)\ 2 dp = inf / \h — A| 2 d/i < / \h — h B \ 2 dp 

AeR J J 

= [\h- h B \ 2 d 2 0 dp + f \h- h B \ 2 ( 1 - d 2 0 )dn 


€ 


\Vh\ 2 dp + - + 1 / \h-h B \ 2 dp, 


which implies the (global) Poincare inequality by combining the local one on B. □ 


Remark 2.2. Under it was proved that p admits the Gaussian integrability 

pe Sd ° < oo for some S > 0. In [20], an elementary proof of this fact was given with 
a sharp estimate for 6. Actually, these all hold under \1.2\) too. 

Recall Barthe-Cattiaux-Roberto [4] Lemma 14], the following inequality holds. 

Lemma 2.3. For any s £ [0, Nt\ with N ^ 0 and t > 0, 

s 2 log ^ - (s 2 - t 2 ) < (1 + N) 2 (s - t) 2 . 

Proof. Use the Lagrange’s mean-value theorem to get log a — log b < s ^, and then 
2 

substitute for a and 1 for b. □ 

Recall the definition of infimum-convolution Q t h is for any t ^ 0 

Qth(x) := inf / h{y) + ^-d 2 (x, y)l . 

y£E { 2 ) 

Lemma 2.4. Let g = A D) for any constant D £ [0, oo]. Then Qig ^ i g. 
Proof. The definition gives 

Qig{x) = inf | 5 (y) + irf 2 (x,y)| = ^ inf {d 2 {y,x 0 ) A D + d 2 {x,y)} . 
Suppose the infimum is achieved at some z, it follows either d 2 (z,x o) < D so that 
d 2 (z, Xo) A D + d 2 (x, z) = d 2 (z, Xq) + d 2 (x, z) ^ ^d 2 (x, xq) ^ ^ (d 2 (x, xq) A D) , 
or d 2 (z,x o) ^ D so that 

d 2 (z, Xo) A D + d 2 (x, z) = D + d 2 (x, z) ^ D > d 2 (x, x 0 ) A D. 

Hence, it is always true that 

Qig(x) > j {d 2 (x, x 0 ) AD) = ^g(x). 


The proof is completed. 


□ 
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Now we prove Theorem II.HI 
Proof. The strategy contains two parts. 

Part 1. Assume the Lyapunov condition (11.211 holds. Then W 2 H(Ct) comes true 
with constant Ct > 0 by [8j Theorem 1.9], which also verifies the Bobkov-Gotze’s 
infimum-convolution criterion in [5] that for any bounded h with y,(h) = 0, 

( 2 . 2 ) J e Qc -r h d^ < 1 . 

From the representation (see for example Bakry-Gentil-Ledoux [3] Section 9.2]) 
—W 2 {v, n) 2 = sup f Q\hdv — f hd[i = sup f Q\hdv, 

^ h bounded J J h bounded J 


h bounded 
fi(h) = 0 


it follows 


2 C T 


W 2 (v, m) 2 = sup Qc T hdu. 

h bounded J 


h bounded 
fi(h) = 0 


Let d v = fdy. with / > 0. We introduce a subset with some parameter TV > 1 

A = {x : 0 < f ^ N-n(f)}, 
to make the following decomposition 

[ f 2 Qc T h ^= [ / 2 (Qc I A- 1 °g/ 2 ) d T t + // 2 l°g/ 2 dAi+ [ f 2 Qc T h &H- 

J J A JA J A<= 

Now we estimate each term in the above sum. First of all, using the inequality 
log a — log b ^ and (12.21) yields 


[ f 2 {Qc T h ~ l°g f 2 )&H < f 

J A J A 


e Qc T h _ f 2 dj l 


(2.3) 


€ 


e Qc T h _ jz d/J + J jZ _ e 
n * a 


(N- If J A 


2 „Qc T h^^ 

[ (/- M (/)) 2 d / x . 

J Ac 


The last inequality is due to / > TV • n(f) on A c . 

Next, since 0 < (li(/)) 2 ^ T*(/ 2 ) = 1, we have by Lemma [2731 for t = /i(/) and 
s = f(x) with x £ A that 

[ / 2 log/ 2 d M = 


[f log-^ 

Ia w)f 


dn+ j / 2 d/i • log (/i(/)) 2 
J A 


(2.4) 


< / / 2 -(M/)) 2 + (l+TV) 2 (/-/i(/)) 2 dp 
J A 

< j f - (m(/)) 2 d/i + (1 + TV) 2 J (f - ff)) 2 d n 
^ [l + (1 + TV) 2 ] J (/—/.i(/)) 2 d/r. 


Thirdly, the definition of infimum-convolution gives 

Qc T h{x) ^ J h(y ) + d 2 (x,y)dfy) ^ (, <%{x) + fd 2 0 )) 
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and then due to Lemma 1 2. II 
r tv 2 /' 

j A fQc T n^ < chn^L 

N 2 /I 


(/^ m (/)) 2 ( d 0 + M d o )) 
6 + /x(dg) 


(J J |V/| 2 d/i+ b + / ^ ) J (/ - M (/)) 2 d^ . 


Combining (12.3H2.5D and using the Poincare inequality PI(Cp) yield 


W 2 (i/,/z) < \/2C7 HaO> 

where C is less than C T C P [ j^ + ! + (! + iV) 2 ] + [l + (6 + ^( d o)) Cp] • 


Part 2. Assume W 2 I((7) holds, which implies W 2 H((7) by [T5] Theorem 2.4] and 
then WiH(C) automatically. According to Djellout-Guillin-Wu [TU] Theorem 2.3], 
jjL satisfies the Gaussian integrability g(e sd «) < 00 for some 6 > 0. 

A Lyapunov function can be constructed by solving certain elliptic equation. Set 
(f> = —cd,Q + b with two parameters c > 0,6 ^ 0, which will be determined below. 
Introduce a partial differential equation of second order for w £ L 2 (g) 


(2.6) Hm := — Lit + (jm = w. 

First of all, 112.61) gives fi{u • Hw) ^ £[u] + bg(u 2 ) directly. On the other hand, 
for any u £ B(£) with g(u 2 ) > 0, let dv = u 2 /g(u 2 )dg and go = ^(dp A ^), using 
Lemma fOl and W 2 I yields 

g ( u 2 dl ) = lim g (u 2 (dp A D)) < lim 4/z (u 2 Qi< 7 _d) 

< lim 4 /z(u 2 )W 2 (p, g) 2 + dg(u 2 )g(gD) < [u] + 2/.i(u 2 )^(dp), 

D—>00 


which implies by taking c = 1/(1617) and b = 4c- g(d%) that 
(2.7) J cu 2 d^dg < i (£[u] + bg(u 2 )) , 

and then 


g{u • Hw) = 




£{u] + bg(u 2 ) — eg, (w 2 dp) 

£[u] + bg(u 2 ) — c (8C£[u] + 2g(u 2 )g(dg)) ^ ^ (£[«] + bg(u 2 )) . 


Combining these estimates with the Holder inequality yields for any u £ B(£) and 
v £ B>(L) 


( u , Hu) = J \7u ■ Vi> — cdyiiv + buv dg 


€ 


€ 


( £[u ]) 2 (^H) 2 + c (^(dgU 2 )) 2 (g(dlv 2 )) 2 + b(g(u 2 )) 2 (g{v 2 ))'' 
l(£[u} + bg(u 2 )) 12 (£[v) + bg(v 2 )y . 


Hence, ( 71 , Hu) determines a coercive Dirichlet form, and H is a positive definite 
self-adjoint Schrodinger operator with its spectrum contained in (0, 00 ). It means 
H” 1 exists on L 2 (g) according to the Lax-Milgram Theorem, i.e. u = H _1 u; £ 
H 1 (g) (the L 2 -integrable Sobolev space of weak derivatives of first order) is a weak 
solution of Equation (12.61) , see Evans El or Gilbarg-Trudinger [12]. 
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Whenever w ^ 0, the weak maximum principle yields u = H l w ^ 0 fi-a.e. too. 
As a routine, we set u- = — min{u, 0}, which has weak derivatives and satisfies 



where the middle inequality is derived from (12.71) . It follows y{u 2 _) = 0, which 
implies it_ = 0 /x-a.e. and then u ^ 0 /r-a.e. 


Now fix w = 1 and u = H 1 1. For any ball B C E, uIb gives a weak solution 


to Equation (12.61) restricted in B , since there holds for any h £ Cl(B) (i.e. the set 
of first-order derivative functions with compact support in B ) 



When E is the Euclidean space, according to m Theorem 8.22] and the notation 
therein, u is locally Holder continuous in B if we set f = 0, g = — w and L = L — cfi 
such that Lu = g as m did. Note that the continuity is a local property. Since 
any local region in Riemannian manifold is (smoothly) diffeomorphic to a region in 
R", which preserves the uniform ellipticity for the (weighted) Laplacian, it follows 
that u is continuous on E in the framework of Riemannian manifolds. 

Moreover, we prove that u > 0 everywhere. By contradiction, assume u(y) = 0 
at some y. Choose r > 0 and v £ C 2 (E) to satisfy 



by the continuity, which is absurd. 

As consequence, we obtain u £ H 1 (/j,)nC(E) is strictly positive everywhere, and 


-l 


is locally bounded. So u is a Lyapunov function for Lu St <pu. 


□ 


u 


3. Stability of W 2 I 

Now we prove Theorem 11.41 with similar arguments for Theorem 11.31 and a few 


more efforts. 

Proof. Assume y verifies W 2 l(C). Thanks to the implication from W 2 I to W 2 H by 
[18l and the stability of W 2 H by [15], fi also verifies the Bobkov-Gotze’s criterion, 
namely there exists Ct > 0 such that for any bounded h with fi(h) = 0, 



Recall the first part of proof for Theorem II.31 we introduce d v = f 2 dfi with / > 0 


and A = {x : 0 < / ^ N ■ and then deal with f ^Q^hdfi by combining 


three estimates similar as (12.3112.51) . 
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But there is a gap since (12.51) relies on the Lyapunov condition, which holds for 
p, by Theorem 11.31 not proved for fi yet. Nevertheless, it can be quickly fixed due 


to 4^ is two-sided bounded so that 



MN 2 



J (/~£(/)) 2 d^ 
J (/ — A (/)) 2 djij 


Ct(N- l) 2 
M 2 N 2 


(3.1) 


Ct(N — l) 2 


Hence, we can substitute (ED for (12.51) and then complete the proof by using the 


stability of Poincare inequality. 


□ 


4. A CHARACTERIZATION OF W 2 H VIA A RESTRICTED W 2 I 


This section has two parts. First, we give a direct proof W 2 H under the Lyapunov 
condition, which was originally proposed by (HI Theorem 1.2]. Next, we introduce 
a restricted W 2 I interpolating between W 2 H and the restricted LSI in the sense of 


PG3 Definition 1.3]. We would like to point out here, the theory of Hamilton-Jacobi 


equations played a fundamental role in studying quadratic transport inequalities. 
The general work by Gozlan-Roberto-Samson m on metric spaces, which extended 
some early results by Lott-Villani [22], is sufficiently adapted in the framework of 
Riemannian manifolds. 

4.1. An alternative proof of W 2 H under the Lyapunov condition (11.21) . 

Now we prove Theorem ll.il 

Proof. Let S > 0 be some parameter. Given any bounded h with /r(/i) = 0, define 
for all x £ E and t > 0 


4>{x,t) = StQ t h(x), A =/r(e^), A = /r(e^/ 2 ). 


According to [16j . the Hopf-Lax formula Q t h solves the Hamilton-Jacobi equation 



u 0 = h, 


and we have 



d/j. = f 8e^4> — 2|Ve^ /2 | 2 d/i. 


6t J 


We need to estimate the following 



Set A = {x : e^/ 2 ^ NX} for any given N > 1, which implies A 2 < on A c . Using 
Lemma [2731 on A yields 
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= [e*- X 2 dy + f A 2 - e^d/z + (1 + N ) 2 f (e^ 2 - A) 2 d/z 

./ 7a c 7a 

= [ (e^ 2 - A) 2 d/z + [ A 2 - e^d/z + (1 + A) 2 [ {e^ 2 - A) 2 d/z 

7 JA C -/a 


(4.2) 


< [l + (l + iV) 2 ]/z(e^ /2 -A) 2 . 


Next, let d 2 (x) = /z (d 2 (x, •)), we have due to the facts e^ 1 ^ (jyLiyi (e^ 2 — A) 2 on 
A c and < |d 2 on E 


(4.3) 


f e^log^-d/z = ( e^d/z — f e^d/zlogA 2 

JA c * JA C JA c 

f (e^7 2 — A) 2 d 2 dp, — f e^dfilogX 2 . 
Ja c Ja c 


SN 2 


2(N — l) 2 J Ac 


It follows from Lemma 12. H and d 2 < 2d(j + 2/z(dp) that 

(4.4) J (e^ 2 - A) 2 d 2 d/z < H J | V e^ 2 | 2 d/z + 26 + ^ (d o } J ( e */2 _ A ) 2 d/z. 

Combining (14.2114.41) with the Poincare inequality PI(C P ) gives 


(4.5) J e^^dy s? C 0 J \Ve^ 2 \ 2 dy + J e^d/zlogA 2 , 

where C 0 = C P [1 + (1 + TV) 2 ] + M2 ^(ff ))Cp ] . 

Combining S3D and (IX5l) . we take <5 > 0 with dCo = 2 so that 

< 7 J A e^d^ log A 2 < ^ (A log A) V 0. 

The rest work is similar to the last step in the proof of [8) Lemma 3.2]. Note that 
A(0) = 1. If A(l) > 1, let to £ [0,1) be the maximal time such that A(io) = 1. 
Then for all t £ (t 0 ,l) holds < A *° s A , which means g|(^f^) ^ 0 and thus 
logA(l) ^ lim t 4 . to IogA ^ = 0. It contradicts the assumption A(l) > 1. Hence, the 
Bobkov-Gotze’s criterion is verified and W 2 H(^) follows. □ 


4.2. A restricted W 2 I. According to 003 ES, define the supremum-convolution 
Pth(x) = sup j h(y) - ^-d 2 (x, y) 1 , 

y£E L it ) 

which solves the Hamilton-Jacobi equation 

/ !|Vzz| 2 = 0, 

\ u 0 = h, 

When h is Lipscliitz continuous, there is a unique weak solution to the equation 
(see also Evans m Section 3.3, Theorem 7]), which means Pi-tf = QtPif for 
t £ [0,1]. Moreover, P t h is f -1 -semi-convex by [L5J Lemma 5.3]. 

Now we prove Theorem 11.51 
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Proof. If W 2 H(Cr) holds, we have the rLSI(Cr) for all if-semi-convex functions 
with 0 < K < Cf, 1 by |T5} Theorem 1.5]. Then for if-semi-convex / with g(e^) = 1 

lfifl 2 

W 2 (e f g,g) 2 < 2C' T Ent At (e / ) < _ 

which gives the rW 2 l( 2 CT). 

On the other hand, if rW 2 l(C) holds, we adjust the proof of Theorem 11.11 to 
get W 2 H. Let 5 > 0, given any bounded Lipscliitz function h, we introduce for all 
x € E and t £ [0, |] 

= 5tPi_ t h(x ) — 8tg{P\h), A = g{e^). 


It follows due to Pi-th = QtP\h 

^ = J (sPi- t h + ~ 8g(P 1 h) S j d/r 

(4.6) = j t j 5HQ t {Pih-fx(P 1 h))e*’- 2|Ve^ 2 | 2 d/t. 

Let g = P\h — g(Pih), since ip is <5-semi-convex, we have by using rW^C) for any 
0 < ^ ^ 2C 


8 2 tQ t ge^dg = 6 2 J Qi(tg)e^’dg 
5 2 g(e^) 


(4.7) 

Combining (I4.6H4.7H gives dA 


€ 


€ 


2 

2 S 2 C 2 


W- 




J(e^) < 2/(e^). 


(1 — SC) 2 

dt ^ 0, which implies due to Pi-th ^ h 


l = A(0)^A^ij = M^expj^ (Pih - n{Pih)j 


^ g exp l —h — g \ P 2 


7 \2 


Hence, we obtain W 2 H(|) by the Bobkov-Gotze’s supremum-convolution criterion 
(see [IS Theorem 3.1]). Choosing <5 = A 7 gi ves W2H(4C). □ 
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